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$[0,T]$ , $T$ . , $Tarrow\infty$
$[0, \infty$ ) . , .
. $t$ $B(t)$
, $B(t)$
$dB(t)=r(t)B(t)dt$ , $B(0)>0$ , $r(t)\geq 0$ , (2.1)
. $r(t)$ $t$ , . $X(t)$ ,
$\overline{P}$
$dX(t)=(r(t)-\delta(t))X(t)dt+\kappa(t)X(t)d\overline{W}_{t}$ (2.2)
. , $\kappa(t)$ $t$ , $\delta(t)$
. $r(t),$ $\delta(t)$ $\kappa(t)$ $\overline{W}_{t}$ . , $\{\tilde{W}_{\ell} : 0\leq t\leq T\}$
$(\Omega, \mathcal{F},\overline{P})$ . $[t, T]$ $\mathcal{F}_{t,T}$
. ( ) I , ( ) . ( )
II , . I $\sigma$ ,
II $\tau$ . 2 $\sigma$ $\tau$
$R_{t}(\sigma, \tau)$ $=$ $\int_{t}^{\sigma\wedge\tau}c(s)ds+f(\sigma, X(\sigma))1_{\{\sigma<\tau\}}$ (2.3)
$+$ $g(\tau, X(\tau))1_{\{\tau\leq\sigma\}}+h(X(T))1_{\{\sigma\wedge\tau=T\}}$
.




1) I II , $t$ $f(t,x),$ $g(t,x),$ $h(x)$
$x$ .
2) . $t$
$f(t, x)>g(t, x)\geq h(x)$ for all $x$ (2.4)
22 ,
$f(t,X(t))$ $=$ $(X(t)-K)^{+}+\delta$
$g(t,X(t))$ $=$ $(X(t)-K)^{+}$ , $0\leq t\leq T$,
$c(t)\equiv 0$ , $h(x)\equiv 0$
.
I (2.3) $\sigma$ , II
$\tau$ . I, II , $T$ .
14
21 $t$ $X(t)=x$ .
$\overline{V}(t, x)=ess\inf_{\sigma\in \mathcal{T}_{tT}}ess\sup_{\tau\in \mathcal{T}_{tT}}\tilde{E}[e^{-\int_{f}^{\sigma\wedge\tau}r(s)ds}R_{f}.(\sigma, \tau)|X(t)=x|$ (2.5)
$\underline{V}(t, x)=ess$ sup ess $inf\overline{E}[e^{-\int_{t}^{\sigma\wedge\tau}r(\epsilon)dn}R_{t}(\sigma, \tau)|X(t)=x]$ (2.6)
$\tau\in \mathcal{T}_{l,T}$
$\sigma\in \mathcal{T}_{t,T}$
. , $\tilde{E}$ . $V(t, x)$ ,
$V(t,x)=\overline{V}(t,x)=\underline{V}(t,x)$ , $0\leq t\leq T$, (2.7)
, $V(t, x)$ $(\hat{\sigma}_{t},\hat{\tau}_{t})$ .
$\hat{\sigma}_{t}$ $=$ $\inf\{s\in[t,T]|V(s,X(s))=f(s,X(s))\}\wedge T.$’








( ) I $\sigma$ minimizer , II $\tau$ maximizer
, (2.9) .











.2) $\sigma=\hat{\sigma}_{t}$ , $\tau$ . , $\hat{\sigma}_{t}<\tau<T$ ,







$=$ Rt( t, $\hat{\tau}_{f},$ )
$R_{t}(\hat{\sigma}_{t},\tau_{t})\leq R_{t}(\hat{\sigma}_{t},\hat{\tau}_{t})$ (2.11)
.









1) $t$ $X(t)$ , .
2) & $($ \mbox{\boldmath $\sigma$}, $\tau)$ , . $\tau,$ $\sigma<T$ $\int_{0}^{\dot{\sigma}\wedge\tau}c(s)ds+g(\hat{\sigma}, \tau)$ ,
$\int_{0}^{\sigma\wedge f_{t}}c(s)ds+f(\tau, X(\tau))$ .
3) , $R_{T}( \sigma, \tau)=\int_{0}^{T}c(s)ds+h(X(T))$ .
22 ( )
2.1
$\lim_{tarrow\infty}e^{-\int_{0}^{t}r(s)ds}f(t, x)=0$ for all $x$ (2.12)
, $V(x)= \lim_{t.arrow\infty}V(t, x)$ , $V(x)$ $tarrow\infty$ 21 (2.7)
.
16
, $r(s)=r$ ( ) Kifer [20] , .
24 22
$| \frac{\partial f(t,x)}{\partial t}|\leq M_{1}$ , for all $x$
$0<r(t)\leq M_{2}$ , for all $t$
.
21 (2.1) $\delta(t)=0$ . , $g(t, x)$ $t$ $x$ .
$V(t,x)=$ $infE[e^{-\int_{t}^{\sigma}r(\iota)ds}R_{t}(\sigma,T)|X(t)=x]$
$\sigma\in \mathcal{T}_{t.T}$
, $\hat{\tau}\geq T$ I .
( ) $X(t)$ $\tilde{P}$ $g(t, X(t))$
. (Optional Sampling Theorem)
$\sup_{\tau\leq T}g(\tau, X(T))=g(T,X(T))$
. , 21
$V(t, x)$ $=$ $\inf_{\sigma}E[e^{-\int_{t}^{\sigma}r,(\epsilon)ds}\{\int^{\sigma}r(s)ds+f(\sigma, X(\sigma))1_{\{\sigma<T\}}$




, 2 . I
( ), II ( ) .
, .
A
$c(t)$ $\equiv$ $\delta,$ $f(t, x)\equiv 0$ $g(T, x)=h(x)= \max\{K-x, 0\}$






$c(t)$ $=$ $0,$ $f(t, x)\equiv 0$ $h(X(T)= \max\{K-X(T), 0\}$
$g(t, x)$ $=$ $\max\{K-x, 0\}$
: $\max\{K-x, O\}\leq V(t, x)\leq K$
$C$ ( [34])
$c(t)=0f(t, x)$ $=$ $\max\{K-x, 0\}+\delta$
$g(t,x)$ $=$ $\max\{K-x, O\}<f(t, x)$
$V(t,x)$ $=$ $\sup_{\tau}\inf_{\sigma}E[e^{-r(\sigma\wedge\tau-t)}R(\sigma, \tau)|X(t)=x]$




$t^{*} \equiv\sup\{t\geq 0|\delta\leq V^{a}(t, K)\}$
:
$S_{t}^{I}=\{\begin{array}{ll}\{K\}, \in[0, t^{*}]\phi \in(t^{r},T]\end{array}$
$\delta>V^{a}(t, K)$ , $t^{r}=0$ . $S_{t}^{I}=\phi$ .
:
$S_{t}^{II}=[0,x_{t}^{II}]$
$x_{t}^{a} \leq x_{t}^{II}\leq Kh^{a}\supset\lim_{tarrow T}x_{t}^{II}=K$
31 ( )
$V’(t, x)$ , $V(t, x)$ .
$V(t,x)=V’(t,x)+e(t,x)-d(t, x)$ .
.
$e(t,x)$ $=$ $\tilde{E}[\int^{T}e^{-r(\ell-1)}rK1_{\{X(s)\leq x_{l}^{Il}\}}ds|X(t)=x]\geq 0$ ,
$d(t,x)$ $=$ $\overline{E}[\int^{t^{*}}e^{-r(\alpha-t)}(\frac{\partial V}{\partial x}(K^{+}, s)-\frac{\partial V}{\partial x}(K^{-}, s)dL_{n}^{x}(K)]\geq 0$
.
3.1 $e^{a}(t, x)$
$e(t,x)$ $>$ $e^{a}(t,x),$ $t\in[0,t^{*}]$
$e(t,x)$ $=$ $e^{a}(t,x),$ $t\in[t^{*},T]$
18
3.2 ( ( [30] $[33],Kyprianou[23])$)
$\delta\geq\delta^{*}$ , $V_{\infty}(x)=V_{\infty}^{a(x)}=rK \overline{E}[\int_{0}^{\infty}e^{-rt}1_{\{X(t)\leq x_{a}\}}|X(0)=x]$
$\delta<\delta^{*}$ , $V_{\infty}(x)=V_{\infty}^{a(x)}-( \frac{dV}{dx}(K^{+}))-\frac{dV}{dx}(K^{-}))\overline{E}[\int_{0}^{\infty}e^{-rt}dL_{t}^{x}(K)]$
$\delta^{*}=V_{\infty}^{a}(K)$ .
$D$ ( [31] [32])
$c(t)$ $=$ $c$
$f(t,$ $x\rangle$ $=$ $\max\{zx, F\},$ $z=$ (dilution rate)
$g(t,x)$ $=$ $zx$
$h(X(T))$ $=$ $\min\{X(T), \max(zX(T), F)\}$
:





$x_{t}^{I}$ $=$ $\inf\{x|x\in S_{t}^{I}\}$




$x_{t}^{II}$ $=$ $\inf\{x|x\in S_{f}^{II}\}$







. $B(t, x)$ , $\hat{c}(t, x)$ . , $p(t,x)$
, $d(t, x)$ .
$E$ (Ben-Ameur [2])
$c(t)=-q,$ $f(t,x)$ $=$ $0$ , $g(t, x)=(S(t)-K)^{+}$
$h(X(T))$ $=$ $(S(T)-K)^{+}$
$R_{t}(\tau_{e)}\tau_{s})$ $=$ $(S(\tau,)-K)^{+}1_{\{\tau_{C}<\tau.<T\}}+(S(T)-K)1_{\{\tau,_{\wedge}\wedge\tau_{\delta}\geq T\}}$
19
$/t\tau_{r}.\wedge\tau_{\delta}qe^{-r}’ ds$










$V$ ( $t,$ $x$ ; q) $=$ $c(t, x)-q \int^{T}e^{-r(u-t)}\Phi(d_{-}(x,\underline{S}(u);u-t)du$
$+$ $\int^{T}\{\delta xe^{-\delta(u-t)}\Phi(d+(x,\overline{S}(u),$$u-t$))
$(rK-q)e^{-r(u-t)}\Phi(d_{-}(x,\overline{S}(u),$ $u-t$))} $du$
, $c(t, x)$ , $\Phi(\cdot)$ .
$F$ ( )
$c(t)$ $=$ $0$ , $f(t,x)=0,$ $g(t,x)=0$
$\hat{X}(T)$ $=$ $0 \max_{\leq t\leq T}X(t),\check{X}(T)=\min_{0\leq c\leq T}X(t)$
$h(\hat{X}(T),\check{X}(T))$ $=$ $F1_{\{\hat{X}(T)\geq U\}}+F1_{\{\dot{x}(\tau)<U,\dot{X}(T)\geq L\}}$
$+$ $mIn\{F, \frac{X(T)}{X(0)}F\}1_{\{\hat{X}(T)<U,\dot{X}(T)<L\}}$
$V(t, x)$ $=$ $\overline{E}[e^{-r(T-t)}[F-\frac{F}{X(0)}\max\{X(O)-X(T), 0\}1_{\{X(T)<U\}}$
$+$ $\frac{F}{X(0)}\max\{X(O)-X(T), 0\}1_{\{\tilde{X}(T)<U,\dot{X}(T)\geq L\}}|\dot{X}(t)=x$ ]
$=$ $e^{-r(T-t)} \{F-\frac{F}{X(0)}\hat{V}(t, x)+\frac{F}{X(0)}\check{V}(t, x)\}$
, $\hat{V}$ $X(O)$
, $\check{V}$ .




$\sigma$ $\tau$ . . .
$X_{t}$ $t$ . $X_{t}$
$dX_{t}=u_{1}dq_{1}$ -uodq2
20
. $Y_{t}$ $t$ , $Y_{t}$
$dY_{t}=dY_{t}dt+\sigma dW_{t}$
. I( ) ( ) $f(t, X_{t})$ , II ( )
$g(t, Y_{t})$ . $V_{I}(t, x, y)$ $X_{\ell}=x,$ $Y_{t}=y$ I
, VII $(t, x, y)$ II , VI $(\cdot, \cdot, \cdot)$ VII $(\cdot, \cdot, \cdot)$
.
VI $(t, x, y)$ $=$ $\sup_{\sigma}E$ [ $e$ $r( \sigma-t)t\int_{t}^{\sigma}f(s,$ $X_{s})ds+e^{-\rho(\sigma-\ell)}g(\sigma,$ $Y_{\sigma})+V_{II}(\sigma,$ $X_{\sigma},$ $Y_{\sigma})\}|X_{t}=x,$ $Y_{t}=y$]
VII $(t, x, y)$ $=$ $\inf_{\tau}E[e^{-r(\tau-t)}g(\tau, X_{\tau})+e^{-r(\tau-t)}V_{I}(\tau, X_{\tau}, Y_{\tau})|X_{t}=x, Y_{t}=y]$
. $f(t, X_{t})=f(X_{t})-C,$ $g(t, Y_{t})=Y_{t}$ , [35]
.
VI $(x,y)= \lim_{tarrow\infty}V_{I}(t, x, y)$ , VI $(x, y)$ $x$ $y$
. :VII $(x, y)= \lim_{tarrow\infty}V_{II}(t, x, y)$





. ( ) ,
. ,
$f(t, X_{\ell})$ $=$ $\max\{f(X_{t}), K_{1}\}=K\iota+\max\{f(X_{f}.)-K, 0\}$
$g(t, Y_{t})$ $=$ $\max\{Y_{t}-K_{2},0\}$
, .
$H$ (Goto, M., Takashima, R., Tajimura, M. and Ohno, T. [12])
I , II . $\sigma$
I , $\tau$ II . $t$
$X_{t}$ , $X_{t}$
$dX_{t}=\mu X_{t}dt+\alpha X_{1}dW_{1}$
. $C_{t}$ $t$ , $f(t,$ $X$ I , $g(t, X_{t})$
II . $V_{I}(t,x)$ I , $V_{II}(t, x)$
II , VI $(\cdot, \cdot),$ $V_{II}(\cdot, \cdot)$ .
VI $(t, x)$ $=$ $\sup_{\sigma}E[e^{-r(\sigma-t)}\{-C_{\sigma}+\int^{\sigma}f(s, X_{s})ds+V_{II}(\sigma, X_{\sigma})\}|X_{t}=x]$
VII $(t,x)$ $=$ $\inf_{\tau}E[e^{-r\langle\tau-t)}\{g(\tau, X_{\tau})+V_{I}(\tau, X_{\tau}, Y_{\tau})\}|X_{t}=x]$
21
Goto, M., Takashima, R., Tajimura, M. and Ohno, T. [12]
$C(t)$ $=$ $-C_{t}$
$f(t, X_{l})$ $=$ $D(1)X_{t}$









4.1 $f(t,x),$ $g(t,x)$ $h(x)$ $t$ , $x$






$C$ $=$ $\{(t,x)|g(t, x)<V(t,x)<f(t,x)\}$ (4.1)
$S_{t}^{I},S_{t}^{II}$ , $S^{f},S^{t}$ $t$ .
41
1) $V(t, x)$ $x$ $t$ .
2) $V(t, x)$ $t$ $x$ .
3) $(t, x)\in C$ $\mathcal{L}V=0$ . . $\mathcal{L}=\frac{1}{2}\kappa^{2}x_{\partial x}^{2\delta^{2}}=+(r-\delta)xr_{\overline{x}}^{\partial}+\tau_{t}\partial-r$
( ) KUhn and Kyprianou [21] , .
4.2
$f(t, x)$ $g(t, x)$ $t$ $x$ $S \oint$ $S \oint^{I}$ . ,
.
( ) $S^{J}$ . $t$ , $x_{1},$ $x_{2}\in S_{f}^{I},$ $x_{1}\neq x_{2}$ , $x_{1}$ $x_{2}$




. 4.1 $V(t, x)$ $x$ $x_{1},$ $x_{2}\in S_{t}^{I}$ ,
$V(t,y)=V(t, \alpha x_{1}+(1-\alpha)x_{2})$ $\geq$ $\alpha V(t, x_{1})+(1-\alpha)V(t,x_{2})$
$=$ $\alpha f(t, x_{1})+(1-\alpha)f(t, x_{2})$




$V^{a}(t, x)$ , $V_{\infty}^{a}(t, x)$ , .
1) $V(t, x)\leq V^{a}(t, x)\leq V_{\infty}^{a}(t, x)$ .
2) $S_{t}^{II}\supseteq S_{t^{a}}\supseteq S_{\infty}^{a}$ .
( )
$1)minimizer$ , maxmizer
(2-.9) $V(t, x)\leq V^{a}(t, x)$ . Karatzas and Shreves [18] [19] $V^{a}(t, x)\leq V_{\infty}^{a}(t,x)$
.
2) $t$ $g(t, x)$ , 41 $V(t,x)$ .
(4.1) $S_{t}^{II}\supseteq S_{t}^{a}\supseteq s_{\infty}^{a}$ .
4.1 $\delta_{t}\equiv f(t, x)-g(t, x)$ , $\delta_{t}$ $t$ , $K_{\ell} \equiv arg\min_{x}f(t, x)$ .
,
$t^{*}=\{\begin{array}{ll}\sup\{ \geq 0|\delta_{t}\leq V^{a}(t, K_{t})\}\infty g\Re_{-}^{\wedge}\emptyset 4\gtrless\end{array}$
.
1) , $t\in[0, t^{t}]$ , $S_{t}^{I}=\{K_{t}\}$ ,
$t\in(t\cdot, T$] , $S_{t}^{I}=\phi$ .
2) , $S_{t}^{II}=[0,x_{t}^{B}]$ . , $x_{t}^{B}$ $t$ $\lim_{tarrow}\tau x_{t}^{B}=$
$h(K)=g(T, K)$ .
( ) $\delta_{t}>v^{a}(t, K_{t})$ .
. ,
.
1) $V(t, x)$ .
2) $f(t, x)$ $x$ $11m_{xarrow\infty}f(t, x)=\infty$ , $V(t, x)arrow\infty$ .
3) $f(t,x)$ $x$ $\lim_{xarrow}0f(t, x)=0$ , $V(t, x)arrow 0$ \searrow
5 3






. , , 3 (





PI, PII, PIII PIII PI, PII
. { $\{PI\}$ , {PII} , {PIII} . {PI, PIII} , {PII, PIII} , {PI, PII} , {PI, PII,
PIII}} 7 , { $\{PI$ , PIII} , $\{PII\}$ } { $\{PI\}$ . {PII, PIII}} 2
. PIII $h(t, x)$ , PI PII PI $f’(t, x)$ . PII PIII
$g’(t, x)$ . , $f(t, x)\geq f’(t, x),g(t, x)\leq g’(t, x)$
. 1
$f’(t,x)$ $=$ $f(t,x)-h(t,x)$ ,
$g’(t,x)$ $=$ $g(t, x)+h(t,x)$ (5.1)
. ,
$f’(t,x)$ $<$ $f(t,x)$ ,
$g’(t,x)$ $>$ $g(t,x)$ (5.2)
, PI, PII . PI PIII
$\sigma’$ , PII PIII $\tau’$ ,
$R_{t}(\sigma’, \tau)$ $=$ $\int_{t}^{\sigma’\wedge\tau}c(s)ds+f’(\sigma’, \tau)1_{\{\sigma’<\tau\}}$
$+$ $g(\sigma, \tau)1_{\{\tau<\sigma’\}}+h(X(T))1_{\{\sigma’\wedge\tau=T\}}$ , (5.3)
$R_{t}(\sigma, \tau’)$ $=$ $\int^{\sigma\wedge\tau’}c(s)ds+f(\sigma, \tau’)1_{\{\sigma<\tau’\}}$
$+$ $g(\sigma, \tau’)1_{\{\tau’<\sigma\}}+h(X(T))1_{\{\sigma\wedge\tau’=T\}}$ (5.4)
, .
5.1 (5.1) $t$ $f’(t, x)>g’(t, x)$ , for all $x$ .
1)
$\underline{V}^{I}(t, x)$ $=$ $\sup_{\tau}\inf_{\sigma}E[e^{-\int_{t}^{\sigma’\wedge\tau}r(n)dn}R_{t}(\sigma’, \tau)|X(t)=x]$ , (5.5)
$\overline{V}^{I}(t, x)$
$=$ $\inf_{\sigma}\sup_{r}E[e^{-\int_{f}^{\sigma’\wedge\tau}r(\epsilon)d}R_{t}(\sigma’, \tau)|X(t)=x]$ (5.6)
$\underline{V}^{I}(t, x)=\overline{V}^{I}(t, x)$ .
$\underline{V}^{II}(t, x)$ $=$ $\sup_{\tau}\inf_{\sigma}E[e^{-\int_{f}^{\sigma\wedge r’}r(n)d\iota}R,.(\sigma, \tau’)|X(t)=x]$ , (5.7)
24
$\overline{V}^{II}(t, x)$ $=$ $\inf_{\sigma}\sup_{\tau}E[e^{-\int^{\sigma\Lambda\tau’}r(s)ds}R_{f}.(\sigma, \tau’)|X(t)=x]$ (5.8)
$77^{11}$ $(t, x)=\underline{V}^{II}(t, x)$ .
2) $\overline{V}^{I}(t, x)>\overline{V}^{II}(t, x)$ , PI PIII .
$\overline{V}^{II}(t, x)>\overline{V}^{I}(t, x)$ PII PIII .
3) $D^{I}(t, x)=V^{1}(t, x)-\overline{V}^{II}(t, x),$ $D^{lI}(t, x)=\overline{V}^{II}(t, x)-\overline{V}^{I}(t, x)$ , $D^{I}(t, x)$ $D^{II}(t,x)$
.
( )
1) 2.1 2) . $R_{t}(\sigma’, \tau)$ $R_{t}(\sigma, \tau’)$
2 2 . $R_{t},(\sigma’, \tau)$ $R_{t}(\sigma, \tau’)$
$V^{I}(t, x)$ $V^{II}(t, x)$ , 21
$V^{I}(t,x)=\underline{V}^{I}(t,x)=\overline{V}^{I}(t,x)$
$V^{II}(t,x)=\underline{V}^{II}(t,x)=\overline{V}^{II}(t,x)$
. $V^{J}(t, x)$ III I 2
, $V^{II}(t,x)$ III II .
$2)V^{I}(t,x)$ $V^{II}(t, x)$ ,
.
3) I III II III ,




, ( I) ( II)
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